The eigenvalue bounds obtained earlier [J. Phys. A: Math. Gen. 31 (1998) 963] for smooth transformations of the form V (x) = g(x 2 ) + f ( 1 x 2 ) are extended to Ndimensions. In particular a simple formula is derived which bounds the eigenvalues for the spiked harmonic oscillator potential V (x) = x 2 + λ x α , α > 0, λ > 0, and is valid for all discrete eigenvalues, arbitrary angular momentum l and spatial dimension N .
Recently, a simple formula that bounds the eigenvalues E n of Schör-dinger's equation
where g and f are two smooth transformations of x 2 and 1 x 2 respectively, was obtained by the present authors. They showed that E n can be approximated by the expression
g ′ (s 2 )(4n + 2 + 4f ′ ( 1 t 2 ) + 1) , n = 0, 1, 2, . . .
This formula provides a lower bound (≈ = ≥) or an upper bound (≈ = ≤) to the exact eigenvalues E n of Eq.(1) according as the transformation functions g and f are both convex (g ′′ > 0, f ′′ > 0) or both concave (g ′′ < 0, f ′′ < 0). This allowed us, for example, to obtain simple expressions which bound the spectrum of the spiked
wheret is the real positive root of
Here ǫ n (t) is lower bound to E n when α > 2 and an upper bound when α < 2. The purpose of the present paper is to extend these results to the N -dimensional case with arbitrary angular momentum number l.
We notice first that the exact eigenvalues [3] E nl = √ λ(4n + 2 + 4µ + (2l + 1) 2 ), n = 0, 1, 2, . . . 
The method used to develop the results Eq. (5) and Eq.(6) of Ref.
[1] can now be followed, but instead of formula (2) of Ref. [1] we use Eq. (4) above and obtain
where
The case where g(x 2 ) = λx β and f (
In particular, for the spiked harmonic oscillator potential with β = 2 it follows from (5) that the eigenvalue approximation is given by
where t is real positive root of
We now prove that for optimal t there is only one positive real root given by (8). If
as t → 0 and h(t) → ∞ as t → ∞. On the interval (0, ∞) the function h(t) has only one minimum occurring at
Consequently for α < 2, Eq. 
t is the root of 2λt
In Table 1 we exhibit the upper bounds E U 00 obtained by use of formula (7) for dimensions N = 2 to 10 with α = 1.9, λ = 1, and µ = 10, along with some accurate values obtained by direct numerical integration of Schrödinger's equation. Similar accurate numerical results could also be obtained by the use of perturbation methods such as the renormalized hypervirial perturbation method of Killingbeck [5] . In Table   2 we exhibit the corresponding lower bounds E L 21 obtained by use of formula (7) for dimensions N = 2 to 10 with α = 2.1, λ = 1, and µ = 10.
For the particular test problem discussed here, other approximation methods might also be considered. For example, if we let E(α) represent an eigenvalue of the operator H(α) = −∆ + x 2 + µx −α with µ fixed, then an immediate first-order approximation 'formula' is provided by
The problem now is to find E ′ (2). Since E(α) = (ψ(α), H(α)ψ(α)), differentiation with respect to α and the minimal property of the expectation (ψ(α), H(2)ψ(α)) with respect to α leads to the expression:
As an illustration of this result we consider the first and last lines of Table 1 . We find for N = 2 that E ′ (2) ≈ −1.557 and E(1.9) = 8.4803; meanwhile for N = 10, E ′ (2) ≈ −1.498 and E(1.9) ≈ 12.3479. The same reasoning and method can be applied to Table 2 . However, these results are particular to the example chosen for illustration, and they do not in general provide energy bounds. Given the correct convexity of the transformation functions, the geometrical methods described in the present paper provide energy bounds on all the discrete eigenvalues in all dimensions
By extending the scope to N dimensions we have generalized our simple general eigenvalue approximation formulae for the potential
where g and f are smooth monotone transformations of x 2 and 1 x 2 respectively. These results may be used for exploratory purposes and also for seeding direct numerical methods. In Figs. (1) and (2) we show the potential, the eigenvalues, and the unnormalized radial wave functions corresponding to the data in Tables (1) 
